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Symmetry&Topology in CMP

Topologically ordered phases

Symmetry-Protected Topological (SPT) phases
    incl.  Topological Insulators & Topological Superconductors

Symmetry-Enriched Topological (SET) phases

“New” classification of  phases of matter 
(quantum many-body systems)

Classification of gapped phases



Symmetry&Topology in CMP

“New” classification of gapless, critical phases?

Gapless phases appear at quantum critical points

Γ

Quantum Critical Point

ordered phase disordered phase

e.g. (quantum) transverse Ising model

critical point = RG fixed point  
   relevant perturbation →  gap



Gapless Critical Phases

But quantum critical phases often appear in
 cond-mat physics without any apparent fine-tuning

- metallic systems

- β-YbAlB4

[Nakatsuji Group, ISSP]

- Dirac/Weyl semimetals



Gapless Critical Phases
- Kagome spin liquid (S=1/2 antiferromagnet):  
         Dirac spin liquid?



Gapless Critical Phases

- Why are they stable?

- Classification/characterization of these phases



Lieb-Schultz-Mattis Type Theorems
- Many-particle system on a periodic lattice (& periodic b.c. )

⌫ =
p

q

gapless

gapped, with q-fold degenerate ground states

This explains the stability of the gapless phases to some extent.
Recent applications: this also constrains the universality class of the
                                                             gapless phases

gapped, with unique ground state

- Particle number conserved
- ν particles per unit cell

spontaneous symmetry breaking

topological order

more general cases:  
  Po, Watanabe, Cho, Hsieh,….

LSM 1961
Affleck-Lieb 1986
M.O.-Yamanaka-Affleck 1997
M.O. 2000, Hastings 2004, …



Lieb-Schultz-Mattis Type Theorems
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“LSM” constraint on critical phases
- Many-particle system on a periodic lattice (& periodic b.c. )

⌫ =
p

q

gapless

gapped, with q-fold degenerate ground states

- Particle number conserved
- ν particles per unit cell

spontaneous symmetry breaking

topological order

gapped, with unique ground state

conformal field theory
low-energy limit

symmetry-allowed 
perturbations



“LSM” constraint on critical phases
For a system subject to a LSM-type constraint,
   the conformal field theory describing its gapless phase
   cannot be arbitrary  
 
The conformal field theory must inherit the 
“ingappability” (LSM-type constraint)  
                                      ⇔  anomaly matching

Furuya-M.O.  2017 for SU(2) in 1+1d  
Yao-Hsieh-M.O. 2018 for SU(N) in 1+1d  
            



SU(2) AFM chains

Spin-S antiferromagnetic chain with the global SU(2) and 
lattice translation symmetries

Lorentz invariance is expected;
  when gapless, low-energy physics should be described
  by a SU(2) symmetric CFT

SU(2)k Wess-Zumino-Witten theory
    characterized by “level” k = 1, 2, 3, …



Our Claim
In the presence of the SU(2) and
lattice translation (by one site) symmetries,

- The system is gapped with a SSB of
   the translation symmetry (doubly degenerate GS)
OR - The system is gapless, described by
                    SU(2)k WZW  with an odd k

- The system is gapped (can be without SSB)
OR - The system is gapless, described by
               SU(2)k WZW with an even k



Lieb-Schultz-Mattis theorem
In the presence of the U(1) and lattice translation
  symmetries,

- The system is gapped with a SSB of
   the translation symmetry (doubly degenerate GS)
OR - The system is gapless

- The system is gapped (can be without SSB)
OR - The system is gapless
       (empty statement!)



Lieb-Schultz-Mattis Theorem
Spin-S antiferromagnetic chain with the global U(1) and 
lattice translation symmetries

if S is a half odd integer, 
   - the system is gapless
          OR
   - the ground states are (at least) two-fold degenerate

gapped (massive) system with a unique ground state

cf.) Haldane gap for integer S



Proof
“Twist operator” Apply to the ground state

of  a finite ring of L sites

is a low-energy state!

But this may be just because                          ! 



Proof
T : Lattice translation operator

belongs to a different eigenvalue
of T, and thus 

on-site U(1) and lattice translation symmetries



Haldane Conjecture

- The system is gapless (massless)

- The system is gapped (massive)
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Heisenberg Antiferromagnetic Chain

Consistent with the LSM theorem!
                         (Affleck-Lieb 1986)



Our Claim
In the presence of the SU(2) and
lattice translation (by one site) symmetries,

- The system is gapped with a SSB of
   the translation symmetry (doubly degenerate GS)
OR - The system is gapless, described by
                    SU(2)k WZW  with an odd k

- The system is gapped (can be without SSB)
OR - The system is gapless, described by
               SU(2)k WZW with an even k



“Symmetry Protected” gapless phases

SU(2) + Lorentz + lattice translation symmetries

SU(2)k WZW SU(2)k WZW

k: even k: odd



SU(2) WZW theories

g:  SU(2) matrix-valued field

Lorentz-invariant critical point:
   expect chiral SU(2) x SU(2) symmetry

Natural action with the SU(2) x SU(2) symmetry

However, RG implies that this theory is
   always massive (gapped) “asymptotic freedom”



Wess-Zumino term

B: (inside) sphere

original space-time:
surface of the sphere 

uniqueness of  kΓWZ

 (modulo 2π)
  ⇒   k: integer

RG has a nontrivial fixed point
  if k≠0 →  gapless critical phase 



Kac-Moody algebra

This “includes” Virasoro algebra (conformal invariance)
   and is very powerful — determines scaling dimensions 
   (critical exponents) etc.

central charge scaling dimension of spin-j field



Spin chain and WZW

Lattice translation symmetry
     ⇔  discrete Z2 symmetry 

If there is the Z2 symmetry,
  we should be able to consider a projection
    to Z2-symmetric subspace?



Projection vs. Path Integral

(imaginary)
time

space

periodic

anti-
periodic



Modular Invariance
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τ 1+τ

Partition function of a consistent CFT must be
  invariant under modular transformations
  generated by



Orbifold Construction
The “projected” partition function Z+proj is not
  modular invariant by itself — must be supplemented
   by twisted sectors

The resulting partition function represents
  the “Z2 orbifold” of the original SU(2)k WZW theory

cf.) S. Ryu et al. 
 protection of edge states ↔ gapped SPT phase



Global Anomaly
The Z2 orbifold should be modular invariant
  by construction — but this is NOT always the case!

The Z2  orbifold is modular invariant if k is even,
but it is modular NON-invariant if k is odd

Gepner-Witten 1986



What does this mean?
If the orbifold is modular invariant, we can consider
  projection to the symmetric sector, and open a gap
  within that sector

However, if it is modular non-invariant, we cannot
  open the gap to obtain a unique ground state
  within the symmetric sector

Global anomaly =
  “ingappability” in the presence of the symmetry
   (S. Ryu et al. on edge theory)



Selection Rule
Perturb SU(2)k WZW with SU(2) and Z2-symmetric 
relevant operators;  suppose the RG flow reaches
SU(2)k’  WZW
 

if k is even, we should be able to consider
  the projection to Z2 symmetric sector;
  the RG flow can be understood in terms of
  the Z2 orbifold → k’ is also even 

if k is odd, the IR fixed point should also have the
 global anomaly (otherwise contradicts with LSM)
      → k’ is also odd



In terms of RG…

SU(2)k WZW

SU(2)k’ WZW

SU(2)0 WZW is identified with
gapped phase with a unique ground state



Spin Chains and WZW
There is a special integrable (Bethe-ansatz solvable)
  spin chain model for any S
(Takhtajan-Babujian model)

e.g. for S=1:

It is known that this can be described by
   SU(2)2S WZW

Other models can be regarded as
  Takhtajan-Babujan + perturbations



Examples
In fact, all the spin chain examples (known to us)
  are consistent with our “selection rule”

realizes  SU(2)2S even though this is not integrable
                                                 Michaud et al. 2012

However, it is important to emphasize that
  our selection rule is valid only in the presence
  of the lattice translation (by one site) symmetry



Our Claim
In the presence of the SU(2) and lattice translation
  symmetries,

- The system is gapped with a SSB of
   the translation symmetry (doubly degenerate GS)
OR - The system is gapless, described by
                    SU(2)k WZW  with an odd k

- The system is gapped (can be without SSB)
OR - The system is gapless, described by
               SU(2)k WZW with an even k



Lieb-Schultz-Mattis Theorem
You CAN open a gap for odd k, but only if you include 
both symmetric and antisymmetric sectors
         → degenerate ground states
                   = spontaneous breaking of the Z2 symmetry

“Lieb-Schultz-Mattis theorem” for SU(2)k WZW
  with an odd k



Breaking the Z2 symmetry

For S=1, a RG flow from SU(2)2 WZW to
 SU(2)1 WZW was indeed confirmed numerically
                                           Kitazawa-Nomura 1999

δ≠0 breaks the lattice translation symmetry
  explicitly (one site→two sites)
  This is equivalent to breaking of the discrete
         Z2 symmetry in the WZW theory



SU(N) chains

Same strategy as in SU(2):
    orbifolding of the ZN symmetry?

not powerful enough…. (can’t reproduce LSM)  
more systematic approach?

+ ….



Symmetry of the “SU(N)” chain

… is not exactly SU(N)  

“center” of SU(N) = ZN do not change the quantum state

e2⇡im/N 2 SU(N)
<latexit sha1_base64="lHjgdoYXeZop/76Vcgl3CBAlbWQ="></latexit><latexit sha1_base64="lHjgdoYXeZop/76Vcgl3CBAlbWQ="></latexit><latexit sha1_base64="lHjgdoYXeZop/76Vcgl3CBAlbWQ="></latexit><latexit sha1_base64="lHjgdoYXeZop/76Vcgl3CBAlbWQ="></latexit>

m = 0, 1, . . . , N � 1
<latexit sha1_base64="aXn0MmmYSsAfNLjzZiXrUXlU5zI="></latexit><latexit sha1_base64="aXn0MmmYSsAfNLjzZiXrUXlU5zI="></latexit><latexit sha1_base64="aXn0MmmYSsAfNLjzZiXrUXlU5zI="></latexit><latexit sha1_base64="aXn0MmmYSsAfNLjzZiXrUXlU5zI="></latexit>

On-site symmetry of SU(N) chain:
              PSU(N) = SU(N)/ZN

PSU(N) × Z

lattice translation
Symmetry of the system:



Gauging the Symmetry

’t Hooft anomaly:
           anomaly obstruction in  gauging a global symmetry

Orbifolding = gauging the symmetry

NO anomaly for “on-site” symmetry of a lattice model,
   since the corresponding gauge field can be introduced
   at the lattice level in a perfectly well-defined way

However, the translation symmetry is NOT an “on-site”
  symmetry, and could show a ’t Hooft anomaly
                                        ⇔  LSM constraint

Cho-Hsieh-Ryu 2017



Classification of ’t Hooft anomaly

’t Hooft anomaly for PSU(N)×Z in 1+1 D
   ⇔  “ingappable” phase in 1+1D protected by PSU(N)×Z

   ⇔   SPT phase with PSU(N)×Z symmetry in 2+1 D

H
3(PSU(N)⇥ Z, U(1)) ⇠= H

3(PSU(N), U(1))�H
2(PSU(N), U(1))

<latexit sha1_base64="vIMxDyHs45KLT+EkR09e+kKhjwo="></latexit><latexit sha1_base64="vIMxDyHs45KLT+EkR09e+kKhjwo="></latexit><latexit sha1_base64="vIMxDyHs45KLT+EkR09e+kKhjwo="></latexit><latexit sha1_base64="vIMxDyHs45KLT+EkR09e+kKhjwo="></latexit>

SPT phase protected by
          PSU(N) only
(anomalous edge state not
realizable in 1+1D)

SPT phase protected by
   PSU(N) & Z
⇔ mixed anomaly
⇔ LSM constraint



LSM index for SU(N) chain
mixed anomaly factor

general SU(N) spin representation at each site:

Young tableau

(total number of boxes in the Young tableau) mod N

H
2(PSU(N), U(1)) = ZN

<latexit sha1_base64="7cpPCiRK/JQ7C1oWa58AoKj9Rb8="></latexit><latexit sha1_base64="7cpPCiRK/JQ7C1oWa58AoKj9Rb8="></latexit><latexit sha1_base64="7cpPCiRK/JQ7C1oWa58AoKj9Rb8="></latexit><latexit sha1_base64="7cpPCiRK/JQ7C1oWa58AoKj9Rb8="></latexit>

2 H
2(PSU(N), U(1))
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⇒ LSM constraint

     (gapless or      -fold degenerate g.s.)  

IN =
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IN 6= 0
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reproduces Affleck-Lieb 1986



“LSM” constraint on critical phases
- Many-particle system on a periodic lattice (& periodic b.c. )

⌫ =
p

q

gapless

gapped, with q-fold degenerate ground states

- Particle number conserved
- ν particles per unit cell

spontaneous symmetry breaking

topological order

gapped, with unique ground state

conformal field theory
low-energy limit

symmetry-allowed 
perturbations



CFT for Gapless Critical Phases
SU(N) Wess-Zumino-Witten CFT, level k

Lattice translation symmetry
       ⇔ g ! e2⇡im/Ng
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g(x, t) 2 SU(N)
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Mixed PSU(N)-ZN anomaly: km mod N
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Anomaly matching with the lattice model

km ⌘ IN mod N
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(km ⌘ total number of boxes in YT mod N)
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Symmetry-Protected Critical Phases

with PSU(N) × translation symmetry:

N distinct symmetry-protected classes
         characterized by km mod N
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N=2,  m=1  ⇒  recover the previous result on SU(2)



Application to Enlarged Symmetry
Systematic description of LSM constraint in terms of
  mixed anomaly: handling of enlarged symmetry

Lattice model:  PSU(N) × translation, with IN
<latexit sha1_base64="jq1ombrwGaLAZOAF32asgBM/V1U="></latexit><latexit sha1_base64="jq1ombrwGaLAZOAF32asgBM/V1U="></latexit><latexit sha1_base64="jq1ombrwGaLAZOAF32asgBM/V1U="></latexit><latexit sha1_base64="jq1ombrwGaLAZOAF32asgBM/V1U="></latexit>

SU(N’)k’ WZW with lattice translation  g ! e2⇡im
0/N 0

g
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Consider N’/gcd(N’, k’m’) copies ⇒ anomaly free

Anomaly matching requires
    the lattice model  is also anomaly-free

IN
N 0

gcd(N 0, k0m0)
⌘ 0 mod N
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Application to Enlarged Symmetry

IN
N 0

gcd(N 0, k0m0)
⌘ 0 mod N
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Example:
N=2, N’=3 (PSU(2) → PSU(3) enlargement)
                       must be even (integer spin per unit cell!)IN
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Higher Dimensions: DQCP

S=1/2 Square Lattice Antiferromagnet

Néel phase Valence-Bond Crystal phase

Quantum Critical Point between the two?

Senthil-Vishwanath-Balents-Sachdev-Fisher 2003～
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LSM-forbidden
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Anomaly at DQCP



Summary
- Symmetry & Topology has interesting implications 

 not only on gapped phases but also on gapless critical 
phases

- When LSM-type theorem is applicable, it does not only 
protect gapless nature, but also constrains possible 
universality classes (“anomaly matching”)

- LSM-type constraint corresponds to “mixed ’t Hooft 
anomaly” between the on-site and translation 
symmetries

- N distinct symmetry-protected classes of gapless 
critical phases corresponding to SU(N)k in 1+1D

- Many interesting questions to be explored


