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Superconducting pairing symmetries

Hp(k) = A(k)P* (k) + A*(k)P(k); P*(k) = cif (k)¢ (—k).

[Gap function: 4(k) = Zl,mAlelm(-Qk)J

. =0 s-wave: Hg, Pb, MgB, ... singlet pairing
‘ ' o® [ =1 | p-wave: 3He, Sr,RuO,(?), ..  triplet pairing
* * * x ‘. [ = 2 | d-wave: CeCu,Si,, LaBaCuO, ... singlet pairing
[=3 Unconventional superconductivity
WK R K

Q. Van Harlingen, RMP (1995);
C. C. Tsuei et al., RMP (2000);
d,2_,2-wave: Leggett, RMP (1975); ...
b
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Zero-energy Andreev boundary states
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[10] boundary: ~ 5 '
4 (Kin) = 4 (Kou) E .|
® 3_
e nl
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[11] boundary: S 8 _
4 (Ein) =—4 (T‘)out) | 4 _
O 1

V (mV)
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A new topological class of unconventional superconductivity
in 3D — monopole harmonic symmetry

Known: 3He-A: Y11 (2;) Doped Weyl Semi-metal: ¥ ,_1 10(£2y)

\ monopole
charge

k-space Ag ~ px + ipy Ag ~ Px — Py
e Total vorticity over FS e Total vorticity over FS
1-1=0 1+1=2

YL, FDM Haldane, PRL 120, 067003 (2018).
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Single-particle Berry phase - “magnetic” monopole in parameter space

|
(¢

e Bloch sphere of a 2-level system Y @)
L R R _.:"; a :;"-:.__:___,.-""
G- I=I) A@) = i{a]7,|a) )&A
— - n,
7, x A = qf \__ wy "

e Adiabatic evolution around a loop: |(7)) = e |7)
Geometric phase y = ¢ d7i - A = q X enclosed solid angle

e Monopole charge q = %-- Chern number C = 2q = 1.

1 I
%gfﬁdn-anA(n)=2q=C
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Berry phase of Cooper pairs — topologically protected nodal pairing

IBCS) = eZk fxei (K)ez (=K) | )

1_[(1 + fuct (k) e (—E)) 10)

k Chern#=-1 Chern#=1
[k A4y g = —-1/2 qz=1/2

1+ |fel?  2Ey
mpy A,(k) = (P, (k)| Vi |¥, (k) = 0
W, (k) = cf (K)c; (—K)|0)

Aj.: gap function

gfﬁ dk -V, x 4,(k) = 2q,

Spherical trivial weII-deflned pairing mechanism
harmonics total vorticity =0
Monopole monopole charge q,, Not well- topological protected

harmonics defined total vorticity 2q,,



Weyl semi-metal

( | ¢ A general two-band system in 3D (without any symmetry)

_ Hll HlZ _
HO = [ sz]_ +Zhi(k)ai

Byl = 10 £ (| ) B, _ =0
\1 i=1

e Linearized dispersion near

isolated nodes (det (ak ) # 0)
H(Iio + k) = thvpk - o

t Weyl Node }

e “Weyl fermions” w/ + chiralities
appear in pairs (Nielsen-Ninomiya)
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Time-reversal (TR) and Inversion TR, no Inversion

1
e TR-related Weyl points have the same chirality. \l Vs 4'—\ .ﬂb
- @ <= Z |\
k- —ko—- —o 715
Loy o Loy o S
H(K+k)=k-6 H(-K+k)=k-6 (1,5 =0
- Q= 7t
Minimal 4 Weyl points Il\
e Inversion-related Weyl points have opposite chiralities.
k——-ko—o Inversion, no TR
H(mz):z.g H(—m/?):—z?-& §Ig<_>_}i{_
1\ PILY

Minimal 2 Weyl points
e Need to break at least one of TR and inversion symmetries.
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Weyl points as monopole pairs (k-space)

e Chern # C(k,) defined for each 2D crossing section at a fixed k,,

AU = i (10| |p_ (ko)

Theory: Wan, Turner, Vishwanath, Savrasov,
PRB (2011); ...
(Murakami 2007)

12

C(k,) = # %QZ (E)

e Fermi arcs connect projections
of Weyl point pairs on the surface

Observed in TR invariant Weyl semi-metals
TaAs NbAs

ARPES: Hasan’s group, Ding’s group (2015); ...



TR breaking Weyl semi-metals

e Magnetism and topology

TI.‘ 1 k
N R~ fr'\\{“\ TSM .
I Ferromagnetic Metal \' A - | ’,"’\><\:‘ ’,'i,//_: X,\;L o AD e 1 .
d ARIOTATSTTAbOT: “ (AF) Z/w]; : !n(sﬁé;'m'/“ 'n 4 ld
?j: | (all-in/ )/’ Myl
["““Lﬁ'ﬂi‘“’” it | B 4 m¢ semimetal f‘ :ulrkov,
| Y | . Balents
T e o ins | PRL(2011)
Wan, Turner, Vishwanath, Savrasov, PRB (2011), 0 0 A
Witczak-Krempa, Kim, PRB (2012) m .
P o0 g°
MRIHEFT = e |e MnsSn
‘ ; Bi o ® »  S. Nakatsuji’s group
‘ 9 oD i) ® [ ;=2 121
o] | ® ... ee MU Tm
T o L. " ® © First principle:
bec F 5O © o® C. Felser’s group (2013)
ccFe YbMnBi, B. Yan’s group (2016)
Gosalbez-Martinez, (5,4’ group
Souza, Vanderbilt arXiv:1507.04847

PRB (2015)

L. Balents’ group (2017) .



Doped TR-breaking Weyl semi-metal (with parity)

* Fermi surfaces appear at u # 0.

e Fermi surfaces generally not spherical.

e Inversion-related Fermi surfaces carry the
opposite Chern #'s.

odd  A(k) = i(k|V,|k) A(k) = —A(—k)

14



Pair Berry phase from Fermi surface topology

k) =af

e Inter-Fermi surface pairing is favored
(common center-of-mass momentum)

w, (K)= k) ® |—k)-

A, (K) = i (9, (03w, )

e Contributions from |k), and |—k)_ add up.

-

Ap(k) = i<l_€+‘5k‘l_€+> + i<—k_
=A. (k) —A_(—k) = 2A,(k)

-

Ok

_§_>

2

3
2m JJg, p 21 JJs,

* Pair monopole charge q, = 2q =1

7~ N

K, + E)|0)



Berry Phase Weyl Semi-metal

Superconductivity (doped)

Single-particle \

X S w/o su erconductivit‘\
; W / | /o superco A
; : Q S- WaVE\ ? \\\\
‘ e \\"\\\ ?

av

\ '
d

Monopole Harmonic
Superconductivity )

Previous work on superconducting Weyl semimetals:
Meng and Balents (2012);
Cho, Bardarson, Lu, Moore (2012);

Hosur, Dai, Fang, Qi (2014)... 16



Pair Berry phase leads to nodal vorticity

—

e General pairing Hamiltonian: smooth w.r.t. k.

iy (7) = & (R) P (B) + o (R) P (F)
pe (§) = az (y + F)a (K, - F)

e The gap nodes of A(k) possess total vorticity of
2qpon S,

INGIEREC
1) Gauge invariant “velocity”. Performing integrals along small loops
around all nodes .

N e e e e 1 [ - .
b (k) =Vep (k) - 4, (k) W) %iidk-v=gi

2) Reverse the direction of each loop and apply Stokes theorem.

> dk
zgl—znZ%dk v = #— (kaAp)— —2qp-

YL, FDM Haldane, PRL 120, 067003 (2018).
Related previous work: Murakami, Nagaosa (2003);

H. Yao, private communication.



Monopole harmonics instead of spherical harmonics

* Angular momentum eigenstates Y. ;;_ (k) in the presence of a

mOnOPOIE Wlth Charge q' Yang and Wu 1976, Haldane 1983

N - - 1 -~ ~
L = hk x (—iak - EAU()) — qhk
12Y,.;; (k) = h2j(j + 1) Y,,;; (k)

LZYq;jjz(ie) = h]ZYCI;]]z(iE)’] = |q|

e Example: quzl,l,m

Y

_ .2 2 _
iz = W uv,v? s O O

o(oz) - ©&8Te
MNote) 088 8§ B



Monopole Harmonic Pairing

e If F'S, can be approximated by spheres, partial wave decomposition of

bare scattering before projection. V( /; /;,)
v(k-k)= Z 4 g, Vi (R) Y, (R) P ki
Im
* After projection onto FS Ko + K //

e = > 7 (K.) P (R) P (&) + h.c. PN

kK’

V(kk) = z 41 §; V1 i (R)Y_ 1 i (R

g; = 2l +1 [0; 11]j1)|?
Ti=557 2, @+ Daldos i)
l=j,j%1

_(KO + k) _(KO + k,)

e In general, A(k) = |A(k)| Z ijqu;jm(ﬁ)-

. 19
]qu;m



Example: Weyl semi-metal of spinless fermions

Pavan Hosur;
K FDM Haldane.

HK = Z C; (]_()) {V(ky)0-3 + [t_ COS(ka) +t, (ky: kz)]o-l Modified Rice-Mele model:

+ sin(2k, )0, — U}l apCh (l_é) + h.c.

V(ky) =2k, ti(ky ky)=—(k2+kZ), t_=1.

e g,-eigenstates refer to A-, B-sublattice.
* Inv. operation A—B (6, — 04,0,3 — —0,3) and k - —k.
*TR(013 — 013,00, — —0z)and k - —k.

TR breaking but inversion invariant. t,(k,, k) t t+(lj{,kz) t
A

( N/ N/ N A\

— X

A(i, ey, k) B(i ky, k)



Weyl points, helical Fermi surfaces, surface modes

Ky

/.h FS,

—

k
/ \ FS_

 Weyl points : ®
+Ko =+ (0,0,1) ‘KO

e FS, carry non-zero monopole charges +q = * %

e Chiral surface Fermi arcs (the yz—boundary plane) — Ko< k, < K



Universal nodal vorticity - regardless of pairing patterns

Hy (E) = z c;r (l_é) {2iA, sin(2k,) + 2iA, sink,, al}abcg (—l_é) + h.c.
= k,

A) If Ay= —iA,, p +ipatnorthpoleandp —ip
at south pole.

e 1+1=2 (fundamental nodes)

B)If A,=iA,, p—ipatnorthpoleandp + ip
at south pole contributing vorticity —2;

Four nodes appear around the equator
contributing vorticity +4.

e -1-1+1+1+1+1=2




Surface spectra: Majorana meets Weyl
Ay= —iA,

* Majorana modes : positive = negative
chirality as k, from N - S-hemisphere.

e Connect to surface modes from the Weyl
band structure.

e Chirality: 0 (k,>k,,) 2 1(k, >k, > k)
22k, <ky).

-l' .- _..u--ll.'l ------
' I Il

0.2 01 00 01 02

k, k
¥ ¥
+1 +1—1+4+1=+1 YL FDM Haldane, PRL420, 067003 (2018).

Related previous work based on mirror symmetry:
SA Yang, H. Pan, F. Zhang (2014); Lu, Yada, Sato, Tanaka (2015)



Surface spectra: Majorana meets Weyl

A,=iA,

e Majorana modes: negative = positive chirality
as k, from N = S-hemisphere.

e Chirality : 0 (k,> k,;) = 1 (north herm-sphere)
-> 3(south hemi-sphere) 2 2 (k,< k)

—1+4=+3 —24+4 =42
YL, FDM Haldane, PRL 120, 067003 (2018).



Low energy excitations determined by high energy topo.

e High energy scale: band structure Weyl nodes.

e Low energy physics: emergent Majorana

nodes on FS in the Nambu spinor Rep.
0o vp(ky —kn)  [A|(ky +iky)

eft = [|A|(kx —iky)  —vp(ky = k)

e Vortex of A (l_é) on FS < Majorana-

Weyl monopole in the l_c)-space

e Topology threads all the energy scales




Half-integer angular momentum pairing

* Integer partial-wave symmetries: Yq,jm(ﬂk)

Conventional: ¢ = 0,j = 0 Unconventional:q =0,j # 1,2, ...
Monopole harmonics (integerq = 1,2,..): j =1q|,|q| + 1, ....

* Half-integer monopole charge q: spinor representation of SU(2) group.

2j+1 . . ; .

Yq ij'jz(e’ (p) = 41T el(q+12)(pd7:ll’l,_q (0), J = |q|
1 ’
Example: q = —5- |
11 i

J = E Jz = —E l i

g . 0 .
u= vV'=Y 11 1(6,9) = sin= e™'?
2272 2



3D Weyl type spin-orbit coupling

e 3D synthetic Weyl type spin-orbit coupling in cold atoms
k2

T AsocO - k) cg(k) —u

HY (k) = CZ{(k)(
ap

* Split-Fermi surfaces with opposite monopole

charges q = i%
e Another spinless fermion with Fermi surface
matching with a split one, e.g. ks 4 = kg

2

k
Hq(k) = -— d* (k)d (k)




Paring between two Fermi surfaceswith€C =1and C =0

Hp(k) = Ay (K)cg (k)d™* (—k) + A (k)d(k)c, (—k)

 Pairing between positive helicity (C=1) and spinless Fermi
surfaces (C=0).

* Inversion symmetry is broken but rotation symmetry is
preserved.

e Spinor gap function A, (k) = (AT(k)'>

A, (k)

Spin-orbit coupled spherical harmonic gap functions (mixing opposite parity
eigenstates)

Al,aj Mz (k) = A¢j=l+1

Lj a(k) Az,aj Lz (k) = Adj_ % (k)
7 Lz 141, 7,



Projection to the helicity basis
Helicity basis o - E|/1i(75)) = illi(k)) mm) x (k) = A+,a(’€)c;(k)

Hp(k) = A (k) x* (R)d* (=k) + A (k)d (—k)x (k)

e Project] = L + % to the subspace of A(E)/l+ (72):

k

] = E X (—in — Ak) + E; Ak: l<l+|Vk|)’+>

* Spin-orbit coupled spherical harmonics = monopole harmonics l

—~ 1 —~ -~ —~ —~
¢j=l+%, lj,a (k) = V2 (Y—%,]',jz (k)l+ (k) + Y% Jijz (k))l— (k))

—> A(E) =AY 1 g (k)

_ZJJJ VA

—~ 1 —~ —~ — —
¢j=l+%, +1,j,«a (k) - \/_f (_Y—% Jijz (k))"" (k) + Y% ,j,jz(k)l_ (k))



Gap node as vortex on pairing surface (q=— % J = %)

Gap symmetry: Y

N =
N| =

_1
2’

)

Time-reversal 0

- 7}
A(k) = Acos;k




Bogoliubov quasi-particles (q = %,j =j,= 1

2
0 x(k) A cos
. Yk
H(k) — (Ek — H)TS + ACOS?Tl l/)(k) = <d+(—k))> tan@,’( = - _‘3
e O, e A 0!
v (k) = cos 7)( (k) + sin 7d(—k) Y, (k) = sin 7d (k) — cos 7)( (—k)
/K‘ ) 7\
/ \
I |
N Fr

\\K\ /I\ ,XI

0 ., Ok
Ef (k) = (e — 1)* + A* cos? 7" E3 (k) = (€x — w)? + A® sin? >



1,
Real space texture: curvature = vortex (q = 5] =3)

e Gap symmetry: spinor n = (vtV)

- Hopfmapni = ntong A(r) = Ae'?@ y(r)

e Super-current:  p(r) = % (V([)(r) iy g(r)), A, (1) = ig* (X)Vn(r)

h
Vxo(r) = -5 VxAy(r) Z2§dl-Vxv@)=[[n-dnxdmdx; \dx;=2m

_ e
* Single vortex appears for a

hedgehog n(r)

real space



CDW Berry Phase

(Eric Bobrow, Canon Sun, YL, in preparation)

e Charge/spin density wave: condensate in the particle-hole channel

Hp(k) = AW (k) + A" ()W (k); W™ (k) = cf (K)c;(k + Q).

« Particle-hole Berry phase

« Phpw (k) = ol (k+ Q)a_ (k)

ol (k) = Z &1 (k)] (k) :
« CDW Berry connection FS X
&+

difference of single-particle

connections
Acpw(k) = A (k+Q) — A_(k) + chirality - chirality + chirality - chirality

# dSx - Qcpw = 4mqcpw
FS



The Model

H= % clW)hk)+pk.))ie; (k) + (el (k + Q)p(k)ije; (k) + h.c.)

1
Kinetic terms h(k) =t.(2 — cos k;, — cosk, — 5 + cos® k)T,

+ 1ty sink, 7, + ty sinky T,
T; —r Pseudospin Pauli matrix

. 3
. Weyl nodes along k, axis at k. = £—, 427

m
4 4
. Satisfies nesting condition Ey(k)=—-E_(k+ Q)

Lo=0.2,E=0

« Spatially-varying potential

(k) = posink, I

« CDW order
arameter
g p(k) = p7=

Chirality

e
1y TH]
MK i I
hi! il
R L R T T PP T TR R L

ky
°
o

v

=075 Q = (O’ 0, 7T)

[+]
kz

« Open boundary iny
« Periodicinx, z
. p=0



-
= cut (Fermi arcs)
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N

=

=

L]

p=0.2,u=0.2,kx=0

A

I

lll
i

3

0.0 0,‘5 ‘
k. =

) T
™

o 15 2
kz
4

.0

2.5

.0

k, = % cut (new surface states)

l

-2

p=0.2,p=0.2,k,=%

0.0 0.1 0.2 0.3 0.4

-04 -03 -02 -01

ya
'l | kz
|| I
n__h__
7 K
/7 I V4
7/
L
s
kz—z cut

kx
2‘423 . Green —mostly k type
B . Magenta — mostly k+Q type

. y=0edge



Summary and Outlook

* Non-trivial pair Berry phase = Topological
protected nodal structure determined by FS
topology instead of interaction and symmetry.

e Monopole harmonic superconductivity --
spherical symmetry is insufficient .

e Nodal lines of A(E) as vortex lines in 3D k-space,
where Weyl points are the source and drain.

* Fundamental nodes on 'S contribute total
vorticity +2q,, (independent of pairing mechanism)

e Non-fundamental nodes appear in pairs (can be
affected by specific pairing mechanism)

e Half-integer harmonic superconductivity:
Texture in real space: geometric curvature induced vortex

* Monopole harmonic superconductivity by proxi-rﬂ’a I
nk you!

Phase sensitive measurements? ...




