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Gold-coated graphene quantum Hall bar, 
Physical Measurement Laboratory (2014)
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QUANTUM  HALL  BAR

RH =
V

I



FRACTIONAL  QUANTUM  HALL  EFFECT

H =
X

i,j

U(|xi � xj |)

★Fractional Hall conductance 
★Fractionally charged quasiparticles 
★Fractional statistics 
★Topological degeneracy 
★…e
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Laughlin 1983 Arovas, Schrieffer, Wilczek; Halperin 1984 Haldane, Rezayi 1985



• Gap to all excitations (charged and neutral) 

• All dissipative transport coefficients vanish 

• Parity and time-reversal broken  

• No Lorentz invariance 

• Quantized non-dissipative transport coefficients 

• Not uniquely characterized by the filling factor

AT  THE  PLATEAU

N = ⌫N� �xy = ⌫
e2

h



SPECTRUM  OF  THE  FQH 

Fractional quantum Hall problem is often treated in the topological limit

E

~!c

E

�Coulomb

~!c ! 1 �Coulomb ! 1

Lowest Landau level

In this limit Hamiltonian is 0 and dynamics occurs only at the edge

I would like to understand the FQH away from the topological limit

!c =
eB

mc



TOPOLOGICAL  LIMIT



It is more convenient to use vielbeins
gij = gij(x, t)

Corresponding ``gauge field’’ is the spin connection !µ

R

2
= @1!2 � @2!1

gij = eAi e
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Spin connection is a ``vector potential’’ for curvature

Geometry is encoded into time-dependent metric

ds2 = gij(x, t)dx
idxj

There is a SO(2) redundancy

g = e · eT

GEOMETRY



external 
e/m field

mean 
orbital spin

spin connection

S =
k
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Z
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Z
adA� s
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ad!

Determines 
filling ⌫ = k�1 electric charge of 

constituent particles

SO(2)quantum 
``emergent’’ gauge field

Wen-Zee term couples the TQFT to the geometry of ambient space

Wen-Zee 
term

Breaks Lorentz down to SO(2) since !µ = !AB
µ ✏AB

CHERN - SIMONS  THEORY  OF  FQH  STATES

Wen, Zee 1991



WEN - ZEE  TERM

Implies a global relation on a compact Riemann surface

S = 2s

Wen-Zee term couples the electron density to curvature

⇢ =
⌫

2⇡
B +

⌫s

4⇡
R

N = ⌫N� + ⌫S �

2

Wen, Zee 1991Haldane 1983

Euler 
characteristic

Quantum number is called Shift

Also describes the quantum Hall viscosity
⌦
TxxTxy

↵
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Avron Zograf Seiler 1995 Read 2009

⌘H = ~S
4
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Wen Zee 1992

``GRAVITATIONAL’’ AHARONOV - BOHM  EFFECT

�R

 �! e2⇡iS�R 



Aharonov-Bohm 
phases

Mutual statistics*

 *after AB phases are subtracted

Chiral edge modes: 
tunneling exponents, 

thermal Hall conductance

Linear response: 
Hall conductance, Hall viscosity,…

Ground state degeneracy

W [A,!] =

Z
DaeiS[a;A,!]

Shift

kN = ⌫N� + ⌫S

S = 2s̄



• Trial states 

• Flux attachment (composite bosons and fermions) 

• Exact diagonalization 

• Bimetric theory

Beyond TQFT we face a strongly interacting problem

BEYOND  TQFT (THEORETICAL)  TOOLS



Haldane, Rezayi 1985

SPECTRUM  OF  FQH  PROBLEM
E

Girvin, MacDonald, Platzman, 1985
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Repellin, Neupert, Papić, Regnault,

Jolicoeur



At                 there is a collective mode E ⇠ gap



Kang, Pinczuk, Dennis, Pfeiffer, West 2001 Kukushkin, Smet, Scarola, Umansky, von Klitzing 2009

OBSERVATION  OF  THE  GMP  MODE



GIRVIN - MACDONALD - PLATZMAN  MODE
The electron density operator

LLL projection

z̄ ! 2@z

Girvin, MacDonald, Platzman, 1985

[⇢̄(k), ⇢̄(q)] = 2i sin


`2

2
k⇥ q

�
⇢̄(k+ q)

Projected densities do not commute, instead they form a           algebraW1

This algebra is believed to be at the heart of the Lowest Landau level problem 

GMP have argued that the collective mode is a projected density wave

zj = xj + iyj is the electron coordinate

⇢̄(k) =
NelX

j=1

eik@zj ei
k̄zj
2⇢(k) =

NelX

j=1

ei
kz̄j+k̄zj
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|ki = ⇢̄(k)|0i
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GIRVIN - MACDONALD - PLATZMAN  MODE II

At long wavelengths the GMP state takes form

|ki ⇡
h
k2T+ + k̄2T� + . . .

i
|0i
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The spin-2 operators        form an             algebraT±
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T±, L

i
= ±T±

<latexit sha1_base64="S2CNpYdmc/+BviArWi20oquSzPA=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFcCFlRgTdCKVuXLio0Bt0xpJJM21okhmSjFCGLt34Km5cKOLWR3Dn25hpZ6GtPwS+/OcckvMHMaNKO863VVhaXlldK66XNja3tnfs3b2WihKJSRNHLJKdACnCqCBNTTUjnVgSxANG2sHoOqu3H4hUNBINPY6Jz9FA0JBipI3Vsw+9Gh10G/epF/PJ6W12868Mw9zq2WWn4kwFF8HNoQxy1Xv2l9ePcMKJ0JghpbquE2s/RVJTzMik5CWKxAiP0IB0DQrEifLT6SITeGycPgwjaY7QcOr+nkgRV2rMA9PJkR6q+Vpm/lfrJjq89FMq4kQTgWcPhQmDOoJZKrBPJcGajQ0gLKn5K8RDJBHWJruSCcGdX3kRWmcV16m4d+flai2PowgOwBE4AS64AFVwA+qgCTB4BM/gFbxZT9aL9W59zFoLVj6zD/7I+vwB83SZSQ==</latexit><latexit sha1_base64="S2CNpYdmc/+BviArWi20oquSzPA=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFcCFlRgTdCKVuXLio0Bt0xpJJM21okhmSjFCGLt34Km5cKOLWR3Dn25hpZ6GtPwS+/OcckvMHMaNKO863VVhaXlldK66XNja3tnfs3b2WihKJSRNHLJKdACnCqCBNTTUjnVgSxANG2sHoOqu3H4hUNBINPY6Jz9FA0JBipI3Vsw+9Gh10G/epF/PJ6W12868Mw9zq2WWn4kwFF8HNoQxy1Xv2l9ePcMKJ0JghpbquE2s/RVJTzMik5CWKxAiP0IB0DQrEifLT6SITeGycPgwjaY7QcOr+nkgRV2rMA9PJkR6q+Vpm/lfrJjq89FMq4kQTgWcPhQmDOoJZKrBPJcGajQ0gLKn5K8RDJBHWJruSCcGdX3kRWmcV16m4d+flai2PowgOwBE4AS64AFVwA+qgCTB4BM/gFbxZT9aL9W59zFoLVj6zD/7I+vwB83SZSQ==</latexit><latexit sha1_base64="S2CNpYdmc/+BviArWi20oquSzPA=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFcCFlRgTdCKVuXLio0Bt0xpJJM21okhmSjFCGLt34Km5cKOLWR3Dn25hpZ6GtPwS+/OcckvMHMaNKO863VVhaXlldK66XNja3tnfs3b2WihKJSRNHLJKdACnCqCBNTTUjnVgSxANG2sHoOqu3H4hUNBINPY6Jz9FA0JBipI3Vsw+9Gh10G/epF/PJ6W12868Mw9zq2WWn4kwFF8HNoQxy1Xv2l9ePcMKJ0JghpbquE2s/RVJTzMik5CWKxAiP0IB0DQrEifLT6SITeGycPgwjaY7QcOr+nkgRV2rMA9PJkR6q+Vpm/lfrJjq89FMq4kQTgWcPhQmDOoJZKrBPJcGajQ0gLKn5K8RDJBHWJruSCcGdX3kRWmcV16m4d+flai2PowgOwBE4AS64AFVwA+qgCTB4BM/gFbxZT9aL9W59zFoLVj6zD/7I+vwB83SZSQ==</latexit><latexit sha1_base64="S2CNpYdmc/+BviArWi20oquSzPA=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFcCFlRgTdCKVuXLio0Bt0xpJJM21okhmSjFCGLt34Km5cKOLWR3Dn25hpZ6GtPwS+/OcckvMHMaNKO863VVhaXlldK66XNja3tnfs3b2WihKJSRNHLJKdACnCqCBNTTUjnVgSxANG2sHoOqu3H4hUNBINPY6Jz9FA0JBipI3Vsw+9Gh10G/epF/PJ6W12868Mw9zq2WWn4kwFF8HNoQxy1Xv2l9ePcMKJ0JghpbquE2s/RVJTzMik5CWKxAiP0IB0DQrEifLT6SITeGycPgwjaY7QcOr+nkgRV2rMA9PJkR6q+Vpm/lfrJjq89FMq4kQTgWcPhQmDOoJZKrBPJcGajQ0gLKn5K8RDJBHWJruSCcGdX3kRWmcV16m4d+flai2PowgOwBE4AS64AFVwA+qgCTB4BM/gFbxZT9aL9W59zFoLVj6zD/7I+vwB83SZSQ==</latexit>

Angular momentum

T±
<latexit sha1_base64="llRzwsKD0HB9/0TWpaTPuiA1jvU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LXjxW6Be0a8mm2TY0yYYkK5SlP8KLB0W8+nu8+W9M2z1o64OBx3szzMyLFGfG+v63V9jY3NreKe6W9vYPDo/Kxydtk6Sa0BZJeKK7ETaUM0lblllOu0pTLCJOO9Hkbu53nqg2LJFNO1U0FHgkWcwItk7qNB+zvhKzQbniV/0F0DoJclKBHI1B+as/TEgqqLSEY2N6ga9smGFtGeF0VuqnhipMJnhEe45KLKgJs8W5M3ThlCGKE+1KWrRQf09kWBgzFZHrFNiOzao3F//zeqmNb8KMSZVaKslyUZxyZBM0/x0NmabE8qkjmGjmbkVkjDUm1iVUciEEqy+vk/ZVNfCrwcN1pX6bx1GEMziHSwigBnW4hwa0gMAEnuEV3jzlvXjv3seyteDlM6fwB97nD3ZBj6M=</latexit><latexit sha1_base64="llRzwsKD0HB9/0TWpaTPuiA1jvU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LXjxW6Be0a8mm2TY0yYYkK5SlP8KLB0W8+nu8+W9M2z1o64OBx3szzMyLFGfG+v63V9jY3NreKe6W9vYPDo/Kxydtk6Sa0BZJeKK7ETaUM0lblllOu0pTLCJOO9Hkbu53nqg2LJFNO1U0FHgkWcwItk7qNB+zvhKzQbniV/0F0DoJclKBHI1B+as/TEgqqLSEY2N6ga9smGFtGeF0VuqnhipMJnhEe45KLKgJs8W5M3ThlCGKE+1KWrRQf09kWBgzFZHrFNiOzao3F//zeqmNb8KMSZVaKslyUZxyZBM0/x0NmabE8qkjmGjmbkVkjDUm1iVUciEEqy+vk/ZVNfCrwcN1pX6bx1GEMziHSwigBnW4hwa0gMAEnuEV3jzlvXjv3seyteDlM6fwB97nD3ZBj6M=</latexit><latexit sha1_base64="llRzwsKD0HB9/0TWpaTPuiA1jvU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LXjxW6Be0a8mm2TY0yYYkK5SlP8KLB0W8+nu8+W9M2z1o64OBx3szzMyLFGfG+v63V9jY3NreKe6W9vYPDo/Kxydtk6Sa0BZJeKK7ETaUM0lblllOu0pTLCJOO9Hkbu53nqg2LJFNO1U0FHgkWcwItk7qNB+zvhKzQbniV/0F0DoJclKBHI1B+as/TEgqqLSEY2N6ga9smGFtGeF0VuqnhipMJnhEe45KLKgJs8W5M3ThlCGKE+1KWrRQf09kWBgzFZHrFNiOzao3F//zeqmNb8KMSZVaKslyUZxyZBM0/x0NmabE8qkjmGjmbkVkjDUm1iVUciEEqy+vk/ZVNfCrwcN1pX6bx1GEMziHSwigBnW4hwa0gMAEnuEV3jzlvXjv3seyteDlM6fwB97nD3ZBj6M=</latexit><latexit sha1_base64="llRzwsKD0HB9/0TWpaTPuiA1jvU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVoR6LXjxW6Be0a8mm2TY0yYYkK5SlP8KLB0W8+nu8+W9M2z1o64OBx3szzMyLFGfG+v63V9jY3NreKe6W9vYPDo/Kxydtk6Sa0BZJeKK7ETaUM0lblllOu0pTLCJOO9Hkbu53nqg2LJFNO1U0FHgkWcwItk7qNB+zvhKzQbniV/0F0DoJclKBHI1B+as/TEgqqLSEY2N6ga9smGFtGeF0VuqnhipMJnhEe45KLKgJs8W5M3ThlCGKE+1KWrRQf09kWBgzFZHrFNiOzao3F//zeqmNb8KMSZVaKslyUZxyZBM0/x0NmabE8qkjmGjmbkVkjDUm1iVUciEEqy+vk/ZVNfCrwcN1pX6bx1GEMziHSwigBnW4hwa0gMAEnuEV3jzlvXjv3seyteDlM6fwB97nD3ZBj6M=</latexit>In the LLL        are differential operators
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<latexit sha1_base64="W/fgf/NBYnLfxk9YATKF9mxjSJ4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBKEkIuiy6MZlhb6giWEynbRD5xFmJkKNXfgrblwo4tbfcOffOH0stPXAhcM593LvPXHKqDae9+0UlpZXVteK66WNza3tHXd3r6llpjBpYMmkasdIE0YFaRhqGGmniiAeM9KKB9djv3VPlKZS1M0wJSFHPUETipGxUuQe1O9OYZAqmRoJA53xiMKHiEZu2at4E8BF4s9IGcxQi9yvoCtxxokwmCGtO76XmjBHylDMyKgUZJqkCA9Qj3QsFYgTHeaT+0fw2CpdmEhlSxg4UX9P5IhrPeSx7eTI9PW8Nxb/8zqZSS7DnIo0M0Tg6aIkY9D+Og4Ddqki2LChJQgram+FuI8UwsZGVrIh+PMvL5LmWcX3Kv7tebl6NYujCA7BETgBPrgAVXADaqABMHgEz+AVvDlPzovz7nxMWwvObGYf/IHz+QMWhJV/</latexit><latexit sha1_base64="W/fgf/NBYnLfxk9YATKF9mxjSJ4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBKEkIuiy6MZlhb6giWEynbRD5xFmJkKNXfgrblwo4tbfcOffOH0stPXAhcM593LvPXHKqDae9+0UlpZXVteK66WNza3tHXd3r6llpjBpYMmkasdIE0YFaRhqGGmniiAeM9KKB9djv3VPlKZS1M0wJSFHPUETipGxUuQe1O9OYZAqmRoJA53xiMKHiEZu2at4E8BF4s9IGcxQi9yvoCtxxokwmCGtO76XmjBHylDMyKgUZJqkCA9Qj3QsFYgTHeaT+0fw2CpdmEhlSxg4UX9P5IhrPeSx7eTI9PW8Nxb/8zqZSS7DnIo0M0Tg6aIkY9D+Og4Ddqki2LChJQgram+FuI8UwsZGVrIh+PMvL5LmWcX3Kv7tebl6NYujCA7BETgBPrgAVXADaqABMHgEz+AVvDlPzovz7nxMWwvObGYf/IHz+QMWhJV/</latexit><latexit sha1_base64="W/fgf/NBYnLfxk9YATKF9mxjSJ4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBKEkIuiy6MZlhb6giWEynbRD5xFmJkKNXfgrblwo4tbfcOffOH0stPXAhcM593LvPXHKqDae9+0UlpZXVteK66WNza3tHXd3r6llpjBpYMmkasdIE0YFaRhqGGmniiAeM9KKB9djv3VPlKZS1M0wJSFHPUETipGxUuQe1O9OYZAqmRoJA53xiMKHiEZu2at4E8BF4s9IGcxQi9yvoCtxxokwmCGtO76XmjBHylDMyKgUZJqkCA9Qj3QsFYgTHeaT+0fw2CpdmEhlSxg4UX9P5IhrPeSx7eTI9PW8Nxb/8zqZSS7DnIo0M0Tg6aIkY9D+Og4Ddqki2LChJQgram+FuI8UwsZGVrIh+PMvL5LmWcX3Kv7tebl6NYujCA7BETgBPrgAVXADaqABMHgEz+AVvDlPzovz7nxMWwvObGYf/IHz+QMWhJV/</latexit><latexit sha1_base64="W/fgf/NBYnLfxk9YATKF9mxjSJ4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBKEkIuiy6MZlhb6giWEynbRD5xFmJkKNXfgrblwo4tbfcOffOH0stPXAhcM593LvPXHKqDae9+0UlpZXVteK66WNza3tHXd3r6llpjBpYMmkasdIE0YFaRhqGGmniiAeM9KKB9djv3VPlKZS1M0wJSFHPUETipGxUuQe1O9OYZAqmRoJA53xiMKHiEZu2at4E8BF4s9IGcxQi9yvoCtxxokwmCGtO76XmjBHylDMyKgUZJqkCA9Qj3QsFYgTHeaT+0fw2CpdmEhlSxg4UX9P5IhrPeSx7eTI9PW8Nxb/8zqZSS7DnIo0M0Tg6aIkY9D+Og4Ddqki2LChJQgram+FuI8UwsZGVrIh+PMvL5LmWcX3Kv7tebl6NYujCA7BETgBPrgAVXADaqABMHgEz+AVvDlPzovz7nxMWwvObGYf/IHz+QMWhJV/</latexit>
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<latexit sha1_base64="zBPKOMgTBZdQnwP9zN3MfEblGAw=">AAACGXicbZBNS8MwGMfT+TbnW9Wjl+AQvDhaEfQ49OJxwt5gnSXN0i0saUOSCrP0a3jxq3jxoIhHPfltTLciuvmHwI//8zxJnn8gGFXacb6s0tLyyupaeb2ysbm1vWPv7rVVnEhMWjhmsewGSBFGI9LSVDPSFZIgHjDSCcZXeb1zR6SicdTUE0H6HA0jGlKMtLF822nenkBPyFjoGHoq4T6FXigRTj2BpKaIZT8E732a+XbVqTlTwUVwC6iCQg3f/vAGMU44iTRmSKme6wjdT/MrMSNZxUsUEQiP0ZD0DEaIE9VPp5tl8Mg4AxjG0pxIw6n7eyJFXKkJD0wnR3qk5mu5+V+tl+jwop/SSCSaRHj2UJgwaFLIY4IDKgnWbGIAYUnNXyEeIZOLNmFWTAju/MqL0D6tuU7NvTmr1i+LOMrgAByCY+CCc1AH16ABWgCDB/AEXsCr9Wg9W2/W+6y1ZBUz++CPrM9vSaChHw==</latexit><latexit sha1_base64="zBPKOMgTBZdQnwP9zN3MfEblGAw=">AAACGXicbZBNS8MwGMfT+TbnW9Wjl+AQvDhaEfQ49OJxwt5gnSXN0i0saUOSCrP0a3jxq3jxoIhHPfltTLciuvmHwI//8zxJnn8gGFXacb6s0tLyyupaeb2ysbm1vWPv7rVVnEhMWjhmsewGSBFGI9LSVDPSFZIgHjDSCcZXeb1zR6SicdTUE0H6HA0jGlKMtLF822nenkBPyFjoGHoq4T6FXigRTj2BpKaIZT8E732a+XbVqTlTwUVwC6iCQg3f/vAGMU44iTRmSKme6wjdT/MrMSNZxUsUEQiP0ZD0DEaIE9VPp5tl8Mg4AxjG0pxIw6n7eyJFXKkJD0wnR3qk5mu5+V+tl+jwop/SSCSaRHj2UJgwaFLIY4IDKgnWbGIAYUnNXyEeIZOLNmFWTAju/MqL0D6tuU7NvTmr1i+LOMrgAByCY+CCc1AH16ABWgCDB/AEXsCr9Wg9W2/W+6y1ZBUz++CPrM9vSaChHw==</latexit><latexit sha1_base64="zBPKOMgTBZdQnwP9zN3MfEblGAw=">AAACGXicbZBNS8MwGMfT+TbnW9Wjl+AQvDhaEfQ49OJxwt5gnSXN0i0saUOSCrP0a3jxq3jxoIhHPfltTLciuvmHwI//8zxJnn8gGFXacb6s0tLyyupaeb2ysbm1vWPv7rVVnEhMWjhmsewGSBFGI9LSVDPSFZIgHjDSCcZXeb1zR6SicdTUE0H6HA0jGlKMtLF822nenkBPyFjoGHoq4T6FXigRTj2BpKaIZT8E732a+XbVqTlTwUVwC6iCQg3f/vAGMU44iTRmSKme6wjdT/MrMSNZxUsUEQiP0ZD0DEaIE9VPp5tl8Mg4AxjG0pxIw6n7eyJFXKkJD0wnR3qk5mu5+V+tl+jwop/SSCSaRHj2UJgwaFLIY4IDKgnWbGIAYUnNXyEeIZOLNmFWTAju/MqL0D6tuU7NvTmr1i+LOMrgAByCY+CCc1AH16ABWgCDB/AEXsCr9Wg9W2/W+6y1ZBUz++CPrM9vSaChHw==</latexit><latexit sha1_base64="zBPKOMgTBZdQnwP9zN3MfEblGAw=">AAACGXicbZBNS8MwGMfT+TbnW9Wjl+AQvDhaEfQ49OJxwt5gnSXN0i0saUOSCrP0a3jxq3jxoIhHPfltTLciuvmHwI//8zxJnn8gGFXacb6s0tLyyupaeb2ysbm1vWPv7rVVnEhMWjhmsewGSBFGI9LSVDPSFZIgHjDSCcZXeb1zR6SicdTUE0H6HA0jGlKMtLF822nenkBPyFjoGHoq4T6FXigRTj2BpKaIZT8E732a+XbVqTlTwUVwC6iCQg3f/vAGMU44iTRmSKme6wjdT/MrMSNZxUsUEQiP0ZD0DEaIE9VPp5tl8Mg4AxjG0pxIw6n7eyJFXKkJD0wnR3qk5mu5+V+tl+jwop/SSCSaRHj2UJgwaFLIY4IDKgnWbGIAYUnNXyEeIZOLNmFWTAju/MqL0D6tuU7NvTmr1i+LOMrgAByCY+CCc1AH16ABWgCDB/AEXsCr9Wg9W2/W+6y1ZBUz++CPrM9vSaChHw==</latexit>



SMA Exact energy spectrum�(k) =
hk|H|ki
hk|ki

E

k`

We will construct a long wavelength effective theory of GMP mode

SMA 
is very accurate at 
long wavelengths

HOW  GOOD  IS  SMA ?

Repellin, Neupert, Papić, Regnault



★ Universally present in fractional QH states 

★ Absent in integer QH states  

★ Angular momentum or ``spin’’ 2, regardless of    

microscopic details  

★ Effective theory of the GMP mode should to be a 

theory of a massive spin-2 excitation

GENERAL  REMARKS  ABOUT  THE  GMP  MODE



BIMETRIC  THEORY



SPIN-2  DEGREE  OF  FREEDOM
A spin-2 mode is described by a symmetric 2x2 matrix ĝij

Can be visualized as a solution of equation ĝijx
ixj = 1

ĝij = �ij ĝij

with

Together with the ambient metric

det ĝij = 1
<latexit sha1_base64="ZwSvU3rW6qdsqPdxQEYCvVMH/oo=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSyCp5KIoB6EohePFawtNCFsNpt27eaD3YlQQm5e/CtePKh49Td489+4aXPQ1gcDj/dmmJnnJYIrMM1vo7KwuLS8Ul2tra1vbG7Vt3fuVJxKyjo0FrHseUQxwSPWAQ6C9RLJSOgJ1vVGV4XffWBS8Ti6hXHCnJAMIh5wSkBLbn3f9hlge0ggs0MCQxlmgzx3M36f4wtsufWG2TQnwPPEKkkDlWi79S/bj2kasgioIEr1LTMBJyMSOBUsr9mpYgmhIzJgfU0jEjLlZJM/cnyoFR8HsdQVAZ6ovycyEio1Dj3dWdyqZr1C/M/rpxCcORmPkhRYRKeLglRgiHERCva5ZBTEWBNCJde3YjokklDQ0dV0CNbsy/Okc9w8b5o3J43WZZlGFe2hA3SELHSKWugatVEHUfSIntErejOejBfj3fiYtlaMcmYX/YHx+QMxU5kQ</latexit><latexit sha1_base64="ZwSvU3rW6qdsqPdxQEYCvVMH/oo=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSyCp5KIoB6EohePFawtNCFsNpt27eaD3YlQQm5e/CtePKh49Td489+4aXPQ1gcDj/dmmJnnJYIrMM1vo7KwuLS8Ul2tra1vbG7Vt3fuVJxKyjo0FrHseUQxwSPWAQ6C9RLJSOgJ1vVGV4XffWBS8Ti6hXHCnJAMIh5wSkBLbn3f9hlge0ggs0MCQxlmgzx3M36f4wtsufWG2TQnwPPEKkkDlWi79S/bj2kasgioIEr1LTMBJyMSOBUsr9mpYgmhIzJgfU0jEjLlZJM/cnyoFR8HsdQVAZ6ovycyEio1Dj3dWdyqZr1C/M/rpxCcORmPkhRYRKeLglRgiHERCva5ZBTEWBNCJde3YjokklDQ0dV0CNbsy/Okc9w8b5o3J43WZZlGFe2hA3SELHSKWugatVEHUfSIntErejOejBfj3fiYtlaMcmYX/YHx+QMxU5kQ</latexit><latexit sha1_base64="ZwSvU3rW6qdsqPdxQEYCvVMH/oo=">AAACBnicbVBNS8NAEN3Ur1q/qh4FWSyCp5KIoB6EohePFawtNCFsNpt27eaD3YlQQm5e/CtePKh49Td489+4aXPQ1gcDj/dmmJnnJYIrMM1vo7KwuLS8Ul2tra1vbG7Vt3fuVJxKyjo0FrHseUQxwSPWAQ6C9RLJSOgJ1vVGV4XffWBS8Ti6hXHCnJAMIh5wSkBLbn3f9hlge0ggs0MCQxlmgzx3M36f4wtsufWG2TQnwPPEKkkDlWi79S/bj2kasgioIEr1LTMBJyMSOBUsr9mpYgmhIzJgfU0jEjLlZJM/cnyoFR8HsdQVAZ6ovycyEio1Dj3dWdyqZr1C/M/rpxCcORmPkhRYRKeLglRgiHERCva5ZBTEWBNCJde3YjokklDQ0dV0CNbsy/Okc9w8b5o3J43WZZlGFe2hA3SELHSKWugatVEHUfSIntErejOejBfj3fiYtlaMcmYX/YHx+QMxU5kQ</latexit>



The spin-2 mode is described by a symmetric tensor

spin connection and curvature follow
R̂

2
= @1!̂2 � @2!̂1

This geometry involves two metrics            , hence bimetric*

*Re-appeared recently in theories of massive gravity de Rham, Gabadadze, Tolley  
2010
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�
i

BIMETRIC  GEOMETRY

Not the same as two copies of Riemannian geometry

Di↵ ⇥ dDi↵ ! Di↵diag

dSO(2)

Subject to a constraint

Introduce the ``vielbein’’

det ĝij = det gij
<latexit sha1_base64="pn8bebU9D+B5Xi3aGH4C4S6GYdU=">AAACGXicbZDNSsNAFIUn9a/Wv6hLN4NFcFUSEdSFUHTjsoKxhaaUyXTajp1MwsyNUEKew42v4saFiktd+TZO0iLaemHg8J17mXtPEAuuwXG+rNLC4tLySnm1sra+sbllb+/c6ihRlHk0EpFqBUQzwSXzgINgrVgxEgaCNYPRZe4375nSPJI3MI5ZJyQDyfucEjCoa7t+jwH2hwRSPyQwVGE6yLJuyu8yfI4n5g8vcNeuOjWnKDwv3Kmoomk1uvaH34toEjIJVBCt264TQyclCjgVLKv4iWYxoSMyYG0jJQmZ7qTFaRk+MKSH+5EyTwIu6O+JlIRaj8PAdOZr6lkvh/957QT6p52UyzgBJunko34iMEQ4zwn3uGIUxNgIQhU3u2I6JIpQMGlWTAju7MnzwjuqndWc6+Nq/WKaRhntoX10iFx0guroCjWQhyh6QE/oBb1aj9az9Wa9T1pL1nRmF/0p6/MbHoOhxA==</latexit><latexit sha1_base64="pn8bebU9D+B5Xi3aGH4C4S6GYdU=">AAACGXicbZDNSsNAFIUn9a/Wv6hLN4NFcFUSEdSFUHTjsoKxhaaUyXTajp1MwsyNUEKew42v4saFiktd+TZO0iLaemHg8J17mXtPEAuuwXG+rNLC4tLySnm1sra+sbllb+/c6ihRlHk0EpFqBUQzwSXzgINgrVgxEgaCNYPRZe4375nSPJI3MI5ZJyQDyfucEjCoa7t+jwH2hwRSPyQwVGE6yLJuyu8yfI4n5g8vcNeuOjWnKDwv3Kmoomk1uvaH34toEjIJVBCt264TQyclCjgVLKv4iWYxoSMyYG0jJQmZ7qTFaRk+MKSH+5EyTwIu6O+JlIRaj8PAdOZr6lkvh/957QT6p52UyzgBJunko34iMEQ4zwn3uGIUxNgIQhU3u2I6JIpQMGlWTAju7MnzwjuqndWc6+Nq/WKaRhntoX10iFx0guroCjWQhyh6QE/oBb1aj9az9Wa9T1pL1nRmF/0p6/MbHoOhxA==</latexit><latexit sha1_base64="pn8bebU9D+B5Xi3aGH4C4S6GYdU=">AAACGXicbZDNSsNAFIUn9a/Wv6hLN4NFcFUSEdSFUHTjsoKxhaaUyXTajp1MwsyNUEKew42v4saFiktd+TZO0iLaemHg8J17mXtPEAuuwXG+rNLC4tLySnm1sra+sbllb+/c6ihRlHk0EpFqBUQzwSXzgINgrVgxEgaCNYPRZe4375nSPJI3MI5ZJyQDyfucEjCoa7t+jwH2hwRSPyQwVGE6yLJuyu8yfI4n5g8vcNeuOjWnKDwv3Kmoomk1uvaH34toEjIJVBCt264TQyclCjgVLKv4iWYxoSMyYG0jJQmZ7qTFaRk+MKSH+5EyTwIu6O+JlIRaj8PAdOZr6lkvh/957QT6p52UyzgBJunko34iMEQ4zwn3uGIUxNgIQhU3u2I6JIpQMGlWTAju7MnzwjuqndWc6+Nq/WKaRhntoX10iFx0guroCjWQhyh6QE/oBb1aj9az9Wa9T1pL1nRmF/0p6/MbHoOhxA==</latexit>

ĝij(x, t)
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ĝij , gij
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BIMETRIC  THEORY
Chern-Simons theory interacting with fluctuating metric

Integrate out the internal gauge field

L = L1[A, g] + Lbm[ĝ;A, g]

Where L1[A, g] contains no dynamics and is discarded 

For IQH k = 1 there is no intra-LL dynamics

L = L1[A; g]

Pronounced: ``sigma’’

AG, Son 2017
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Hamiltonian

ĝij(x, t)
<latexit sha1_base64="EgBpaRq3j3++VhO7v2AGTemOow8=">AAACC3icbVDLSsNAFJ3UV62vqks3g0WoICUVQd0V3bisYGyhCWUynbRjJw9mbsQS8gFu/BU3LlTc+gPu/BsnaRbaemDgcM65zL3HjQRXYJrfRmlhcWl5pbxaWVvf2Nyqbu/cqjCWlFk0FKHsukQxwQNmAQfBupFkxHcF67jjy8zv3DOpeBjcwCRijk+GAfc4JaClfrVmjwgktk9gJP1kmKb9hN+l9VxwveQhPYJDnTIbZg48T5oFqaEC7X71yx6ENPZZAFQQpXpNMwInIRI4FSyt2LFiEaFjMmQ9TQPiM+Uk+TEpPtDKAHuh1C8AnKu/JxLiKzXxXZ3MllSzXib+5/Vi8M6chAdRDCyg04+8WGAIcdYMHnDJKIiJJoRKrnfFdEQkoaD7q+gSmrMnzxPruHHeMK9Paq2Loo0y2kP7qI6a6BS10BVqIwtR9Iie0St6M56MF+Pd+JhGS0Yxs4v+wPj8AWwInAo=</latexit><latexit sha1_base64="EgBpaRq3j3++VhO7v2AGTemOow8=">AAACC3icbVDLSsNAFJ3UV62vqks3g0WoICUVQd0V3bisYGyhCWUynbRjJw9mbsQS8gFu/BU3LlTc+gPu/BsnaRbaemDgcM65zL3HjQRXYJrfRmlhcWl5pbxaWVvf2Nyqbu/cqjCWlFk0FKHsukQxwQNmAQfBupFkxHcF67jjy8zv3DOpeBjcwCRijk+GAfc4JaClfrVmjwgktk9gJP1kmKb9hN+l9VxwveQhPYJDnTIbZg48T5oFqaEC7X71yx6ENPZZAFQQpXpNMwInIRI4FSyt2LFiEaFjMmQ9TQPiM+Uk+TEpPtDKAHuh1C8AnKu/JxLiKzXxXZ3MllSzXib+5/Vi8M6chAdRDCyg04+8WGAIcdYMHnDJKIiJJoRKrnfFdEQkoaD7q+gSmrMnzxPruHHeMK9Paq2Loo0y2kP7qI6a6BS10BVqIwtR9Iie0St6M56MF+Pd+JhGS0Yxs4v+wPj8AWwInAo=</latexit><latexit sha1_base64="EgBpaRq3j3++VhO7v2AGTemOow8=">AAACC3icbVDLSsNAFJ3UV62vqks3g0WoICUVQd0V3bisYGyhCWUynbRjJw9mbsQS8gFu/BU3LlTc+gPu/BsnaRbaemDgcM65zL3HjQRXYJrfRmlhcWl5pbxaWVvf2Nyqbu/cqjCWlFk0FKHsukQxwQNmAQfBupFkxHcF67jjy8zv3DOpeBjcwCRijk+GAfc4JaClfrVmjwgktk9gJP1kmKb9hN+l9VxwveQhPYJDnTIbZg48T5oFqaEC7X71yx6ENPZZAFQQpXpNMwInIRI4FSyt2LFiEaFjMmQ9TQPiM+Uk+TEpPtDKAHuh1C8AnKu/JxLiKzXxXZ3MllSzXib+5/Vi8M6chAdRDCyg04+8WGAIcdYMHnDJKIiJJoRKrnfFdEQkoaD7q+gSmrMnzxPruHHeMK9Paq2Loo0y2kP7qI6a6BS10BVqIwtR9Iie0St6M56MF+Pd+JhGS0Yxs4v+wPj8AWwInAo=</latexit>
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Effective theory of the spin-2 mode at long wavelengths

Hamiltonian

AG, Son 2017

pq̇ — type term

BIMETRIC  THEORY
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quantized phenomenological parameter
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the energy scale of the spin-2 mode
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phenomenological parameter responsible for the nematic transition



Density and current operators acquire geometric meaning

Continuity equation holds identically

@0R̂+ ✏ik@iÊk ⌘ 0

To the leading order in    , everything is determined by

Fluctuations of electron density = fluctuations of local Ricci curvature

Fluctuations of electron current = fluctuations of ``gravi-electric’’ field

GEOMETRIC  OPERATORS
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gapped ``symmetric’’ phase gapless nematic phase
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POTENTIAL  TERM
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In flat space we chose the parametrization

and linearize around isotropic configuration

to find

You, Cho, Fradkin 2014Maciejko, Hsu, Kivelson, Park, Sondhi  2013

Q̄ = Q⇤

LINEARIZATION

Gap of the GMP mode

Q = Q1 + iQ2

Q = 0

ĝij = exp

✓
Q2 Q1

Q1 �Q2

◆
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Fluctuations of electron density are governed by fluctuations of local Ricci curvature

ELECTRON  DENSITY  AND  CURRENT

Projected static structure factor computation reproduces a classic result

AG, Son 2017

This is to be compared with the general result

Leading to identification
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2|&| = |S � 1| Vanishes for IQH



From the action we read the commutation relations

CANONICAL  QUANTIZATION
Turn off electric field

Appeared in Verlinde 1989Haldane 2011
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GMP  ALGEBRA
Components of intrinsic metric do not commute with each other

⇥
ĝzz(x), ĝz̄z̄(x

0)
⇤
= 2ĝzz̄(x)�(x� x0)

⇥
ĝzz(x), ĝzz̄(x

0)
⇤
= ĝzz(x)�(x� x0)

⇥
ĝz̄z̄(x), ĝzz̄(x

0)
⇤
= �ĝz̄z̄(x)�(x� x0)

These relations define sl(2,R) Lie algebra

The density operators form the w1 algebra = small      limit of the GMP

Bimetric theory reproduces essential FQH features beyond topological order

AG, Son 2017

[�⇢(k), �⇢(q)] = i`2(k⇥ q)�⇢(k+ q)
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GENERAL  STRUCTURE

Non-universal Hamiltonian,
depends on interactions

pq̇ — type terms

AG, Son 2017
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Gravitational Chern-Simons term breaks sl(2,R) but respects w1

This term turns on when the metric        is inhomogeneous

Higher spin
fluctuation?

for density

ĝij
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★ Projected static structure factor up to 
★ Dispersion relation of the spin-2 mode up to 
★ Absence of the spin-2 mode 
★ Manifest Particle-Hole duality 
★ Girvin-MacDonald-Platzman algebra holds up to 
★ DC Hall conductivity to 
★ Hall viscosity to 
★ Hints at rich structure of the full           theory 
★ Agrees with Dirac theory for Jain states close to 1/2

SUMMARY 
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PROBING  THE  GEOMETRIC  DEGREE  OF  FREEDOM

Liu, AG, Papic (2018)

Quench
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Quantitatively, we suddenly switch on a spin-2 perturbation



GLOBAL  QUENCH



GLOBAL  QUENCH



PROBING  THE  GEOMETRIC  DEGREE  OF  FREEDOM

Liu, AG, Papic (2018)

ĝij =

✓
coshQ+ cos� sinhQ sin� sinhQ

sin� sinhQ coshQ� cos� sinhQ

◆
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Dynamics is obtained via solving the EoM of bimetric theory in tilted magnetic field  

Can excite higher-spin modes by switching on a spin-4 perturbation



OPEN  PROBLEMS

2

3

2

2
3

2

FCI
``quantum metric’’

Bi-layer FQH

Neutral Fermion in 5/2 state

FQH liquid crystal

★ Higher spin degrees of freedom and anisotropy 

★ Bimetric theory of Fractional Chern Insulators 

★ Multi-layer Fractional Quantum Hall states 

★ Neutral fermionic collective mode in 5/2 state 

★ Higher spin formulation of CFL theory  

★ Geometric theory of Quantum Hall liquid crystals 

★ Relation to geometric structure of Fracton order 

u±3 u±4

Higher spin modes



★ Projected static structure factor up to 
★ Dispersion relation of the GMP mode up to 
★ Absence of the GMP mode and nematic transition in IQH 
★ Manifest Particle-Hole duality 
★ Girvin-MacDonald-Platzman algebra holds up to 
★ DC Hall conductivity to 
★ Hall viscosity to 
★ Hints at rich structure of the full           theory

WHAT  ELSE  CAN  BIMETRIC  THEORY  DO ? 
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GEOMETRIC  COMPOSITE  FERMI  LIQUID 
THEORY



COMPOSITE  FERMI  LIQUID  
States at filling ⌫ =

N

2N + 1
IQH of composite fermions at⇡ ⌫e↵ = N

Can be treated via Fermi liquid theory when       is largeN

Semi-classically the d.o.f. are multipolar distortions of  the Fermi surface

u0 u±1 non-dynamical

u±2 u±3 u±4 . . . . . .u±n

Dilation Translation

Shear  ``Higher spin’’ area preserving deformations

dynamical

Golkar Nguyen Roberts Son 2016



COMPOSITE  FERMI  LIQUID  IN  SMA
Hamiltonian

CCR

H =
vF kF

4⇡

X

n

Z
d
2x(1 + Fn)un(x)u�n(x),

[un(x), um(x0)] =
2⇡

k2F

⇣
nb̄�n+m,0 � ikF �n+m,1@z̄ � ikF �n+m,�1@z

⌘
�(x� x0)

[u2(x), u�2(x
0)] =

4⇡

2N + 1
�(x� x0)

All modes are gapped at �n = n(1 + Fn)!c

The limit �2 ⌧ �n for all n � 3 is the SMA

Only dynamics of shear distortions        remains u±2
Same as linearized 

bimetric

Phenomenological 
``Landau parameters’’

Nguyen, AG, Son In Progress



Effective Lagrangian for the quadrupolar (spin-2) mode

Bimetric theory is the geometric non-linear completion of the CFL 
in the SMA. 

COMPOSITE  FERMI  LIQUID  IN  SMA II

coincides with the linearized bimetric theory

LSMA = � i

2

2N + 1

2⇡
u2u̇�2 +

i

2

N2(2N + 3)`2

12⇡
u2�u̇�2 �

c0(2N + 1)!c

2⇡
u2u�2 +

c2(2N + 1)!c`2

2⇡
u2�u�2

Lbm =
2N + 1

16⇡
Ad!̂ � N2(2N + 3)

96⇡
!̂d!̂ � m̃

2

h
ĝijg

ij � �
i2

� ↵

4

h
�� �̂

i2

Bimetric theory prescribes coupling of the CFL to curved space
Conjecture:

What about beyond SMA ? 



GIRVIN - MACDONALD - PLATZMAN  MODE I
Warning: not standard presentation

The LLL generators of W1 Ln,m =
NelX

i=1

zn+1
i @m+1

zi

sl(2,R)

The projected density operator is expanded in Ln,m

⇢̄(k) = e�
|k|2
2

X

m,n

cnmk̄nkmLn�1,m�1

{L0,0,L1,�1,L�1,1}

Ln,m create intra-LL state at momentum k

LLL 
Rotation

LLL Shears, 
spin-2 operators

Operators

are

form algebra



GIRVIN - MACDONALD - PLATZMAN  MODE II

At long wave-lengths the GMP mode is 

The GMP state                 is a shear distortion at small⇢̄(k)|0i

Consider two-body Hamiltonian

Since [H, ⇢̄(k)] 6= 0 the shear distortion costs energy

k

For IQH H̄ = 0 ⇢̄(k)|0i is a 0 energy state

H̄ =
X

k

V (k)⇢̄(�k)⇢̄(k)

⇢̄(k)|0i =

k2

8
L�1,1 +

k̄2

8
L1,�1 + . . .

�
|0i

At small           GMP mode is a gapped, propagating, shear 
distortion of the FQH fluid

k



In the remainder of the talk I will use the term ``orbital spin’’.
In magnetic field electrons quickly move in cyclotron orbits

e e

``Orbital spin’’ describes the coupling of the low energy 
physics to spatial geometry

s̄

Wen Zee 1992Read 2009

magnetic length `

We consider the limit

!c �! 1

!c =
B

mel

mel �! 0

ORBITAL  SPIN



Schematic Lagrangian up to three derivatives

★ Projected static structure factor up to 
★ Dispersion relation of the GMP mode up to 
★ Absence of the GMP mode and nematic transition in IQH 
★ Manifest LLL projection and  Particle-Hole duality 
★ Girvin-MacDonald-Platzman algebra holds up to 
★ DC Hall conductivity to 
★ Hall viscosity to 
★ Hints at rich structure of the full           theory

WHAT  ELSE  CAN  BIMETRIC  THEORY  DO ? 

Lbm =
⌫&

2⇡
Ad!̂ � ĉ

4⇡
!̂d!̂ � ⌫&

4⇡
r̂iEiB � ĉ`2

8⇡
r̂iEiR̂� m̃

2

✓
1

2
ĝijg

ij � �

◆2

� ↵

4

����� �̂
���
2
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