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Fractional quantum Hall state

Topological order of strongly interacting particles

--- Quantized Hall conductance

--- Fractional charge & statistics

--- Topological degeneracy

1/3

--- Gapless chiral edge states
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Eisenstein & Stormer (1990)



Halperin state

Trial wave function for single-component (fully polarized) electron

= Laughlinv = 1/m state:  Laughlin (1983)
Uy (21, 2n,) = [ [ (2 - 2p) e Znta 717/40
J<k

--- Hidden SU(2) symmetry form = 2

Ansatz for unpolarized electron

—> Halperin mmn stateatv = 2/(m 4+ n):  Halperin (1983)

m m — 212272 2
Crmn({2], 23) = T[] — 2™ (2F — 2™ [[ (2] — zp)e™ Zrllel 1D 4k
J<k 5,k

--- Singlet under SU(2) forn = m — 1
--- Hidden SU(3) symmetry for (m,n) = (2,1)



Hidden symmetry of Halperin state

Generalized Halperin state for (N — 1)—component particles:

k({77 }) =

o g<k

. o2 2
STTTLG - e T TTGE o e el

o<o’ 3,k

K: (N — 1)-dim integer matrix appearing also in

--- Chern-Simons theory £=——Kjeuna,0,08 — —tremnAud,ay

--- Edge theory [0.¢:(x),
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--- Fillingv = (N — 1)/N
--- Singlet under SU(N-1)

Cf. Regnault, Goerbig, & Jolicoeur (2008)

--- Transformed into Cartan matrix of SU(N)

- Underlaying CFT is level-1 SU(N) WZW.



FQHS-CFT correspondence Moore & Read (1992

Trial wave function of FQHS Correlation function of CFT
W(z1,23,, 2n) (Ve (z)Ve(22) -+ Ve (Zn)V_pe)
z; = x + iy: Spatial coordinate for i-th electron V,(z): Current of CFT, V_p,.: Neutralization factor

Electron operators Simple currents V,(2)
Quasiparticle operators Primary fields
GS degeneracy on torus Number of primary fields
Statistics of quasiparticles Modular T & S matrices
Coefficient of thermal Hall conductance Central charge

- The same CFT also describes edge.



Non-Abelian spin-singlet state  #womes scoutens asoo;

Ardonne, Read, Rezayi, & Schoutens (2001)
Divide bosons into k groups, forming the Halperin state in each group, and symmetrize
over all possible partitions.

k(N — 1) Cappelli, Georgiev, & Todorov (2001);
qu U (N) g ({Z } groups H ‘IJK V = N Sterdyniak, Repellin, Bernevig, & Regnault (2013)

groups

--- Underlying CFT: [SU(N){]* —» SU(N)g
—-- Neutral sector is non-Abelian: Gepner parafermion SU(N)/[U(1)]¥ ™1 Gepner (1987)

L — 7. : _ : — 2. : — Read & Rezayi (1999);
N = 2: Bosonic Read-Rezayi, N = 3: Bosonic NASS at v = 2k/3 Ardonne & Schoutens (1659)

{1}y (U} {¥2} (Y12} {p} {o3} {o1} {02}
(U} {1} {¥2} (U2} {o3} {p} {02} {01}
Ex) Fusion rule of {2} {2} {1} (¥} {01} {02} {p} {03}

. {12} (Y2} {¢1} {1} {02} {o1} {o3} {p}
SU(3), parafermion (0} {03} {on} {ou} {1, 0} (W1, 03} {2, 01} (W12, O3)
{03} {D} {O2} {ol} {wlr 03} {1.!' fo} {wl2r 02} {?ﬁzf Ol}
{o1} H{oz2}  {p} A{o3} {¥2, 01} {¥12, 02} {1, o} {1, 03}
{o2} {oi} {osy  {p} {dz, 02} {¥2, 01} {¥1, O3} {1, o}

--- Potential realization in multilayer, cold atom, fractional Chern insulator,,,
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Coupled-wire construction

--- From Abelian to non-Abelian



CO u p I ed-Wi re CO n Stru Cti O n Kane, Mukhopadhyay, & Lubensky (2002); Teo & Kane (2014)

Luttinger liquid = free boson theory

Suitable interactions Desired edge CFT

--- We can obtain microscopic Hamiltonian.

--- We can study edge states, quasiparticles, GS degeneracy,,,
Sagi, Oreg, Stern, & Halperin (2015)

--- Possible connection with lattice systems.

Gorohovsky, Pereira, & Sela (2015); YF, He, Bhattacharjee, & Pollmann (2016); Lecheminant & Tsvelik (2017);
Chen, Mudry, Chamon, & Tsvelik (2017)



Strategy for NASS R
1 2 1 --- 1 1
1) Construct Abelian state from (N-1)-component bosonic wires. K 1 1 2 1 |
- L1 2
CFT: SU(N)4 T 2)
2) Stack k copies of Abelian state and find appropriate interactions.
[SU(N)4]* SU(k)n
. [SU(N)]% ~ SU(N), X ~ SU(N)j X




Strategy for NASS CREIR

2 1 1 1
1) Construct Abelian state from (N-1)-component bosonic wires. |ttt L
CFT: SU(N L1 e
(V)1 \111---12)
2) Stack k copies of Abelian state and find appropriate interactions.
[SU(N),]" SU(k)n
CFT: [SU(N){]% ~ SU(N); X ~ SU(N)j X
. . , SU)I U x oo
Interwire tunnelings between k copies G+LR)
o O —Gap S
- Gapin SU(N)k (j+1,L)w—U:VLC:[LM
.. . . Oj r.ab == Gap [UW)N % ;[](\\)ﬂ
Intrawire interactions between k copies. . E(;\LC: (D)
7, R
SU (k) N 0"+ Gap SU(K)n

9 Gap in [SU(N )" [U(1)]F!
k-1 .
[U(l)] (4, L) ﬂ TN x [5‘?-'(1]\7)1\_
UV




Abelian state

Sliding Luttinger liquid:
Hsrr = Ho + Hiorward- =

, N—1
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Interwire tunnelingat v = (N — 1) /N with charge & momentum conservation:
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Abelian state

K matrix = Gram matrix specifying an (N — 1)-dim lattice  Read (1990)

Kcrcr" — O - Oy

Root lattice of SU(N): Zoy + - -+ + Zan—_1 D o

If SLL Hamiltonian is fine tuned,
Basis diagonalizing K:
09X (), X0 (2] = 2ipmyy 8510 8(x — ).
SU(N)4 current algebra:

\ « e ic-w i (z
Hﬁ(x) - 3:3)(?5(3?) Ef (z) = £ Ficex] (2)

Le

N,
HbLL—4 (N+1 Z/d [Z HjHj:—l- Z E&E;

3:1 QGA\T

SU(2) @

Z H;H;:—I— Z :EfE;a: :
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Abelian state
SLL Hamiltonian = SU(N); WZW CFT

N,
HSLL—4 (N—I—l Z/dx[z H;.Hl + Z EaE_ —I—Z ij[j—l— Z E?E’;a :

acAnN acAy

Interwire interaction = current-current perturbation

Oj o(x) = 2ZEF (2)E; 57 (2). SU(3) SU(4)

0.4

Quasiparticle operators = SU(N)4 primaries
63’295,6(:1:) — eiwg-f&f(m)—iwg-fcf(m)

w: Weight of SU(N)

--- SU(N) structure is manifest in Hamiltonian.



Non-Abelian spin-singlet state

Stack k copies of Abelian states. 2 k(N — 1) bosonic fields in each wire

N, k
%SLL - Z Z ﬁ fd.ﬁE [(amij?a)z + (aﬁ?iia)z] )

j=1la=1
. Ny 3 N k—1 i )
= In / ds {(%X?)M(@Xﬁ% {(0. Y0 + (axyfﬂ)?}}
J=1 n=1
N — 1 charge modes (N —1)(k — 1) neutral modes
SU(N SU(k .
- [U(1)]V~! boson CFT > [U(l()]l\)/il [U(1()]3<IX1 parafermion CFTs
We want to gap out b ] O e
oy S
SUWLE O
N-—1 SU(N)R . . . . (G +1,L) -
SU(N) ~ [U(D)] X O by interwire interactions o U

.
s -
, SU (k) x

U,88
L (’)j’ab — Gap

[SU(N)] [T
(4, L) { )N x %(;"(S’()k

SU(k)n
[U(1)]k-1

by intrawire interactions




Non-Abelian spin-singlet state

Interwire interactions: electron tunnelings between k copies

Z Z ESs(x)E; () = €276 97 (x) € SU(N)g currents
a=1 b=1

~ olaa (X (x)—XjJrl(x))/‘/E\I/?a’ (x )‘I’;fla (z)

SU(N)k SUMN)k
UV U@y

Vertex representation for parafermion: Dunne, Halliday, & Suranyi (1989)

> Gapping SU(N);, ~ [U(1)]V? parafermion fields

Intrawire interactions: quasiparticle interactions between k copies

Twg- x p(T))—iw /- x be _ u_A':'A = AT
Z Z Uab€ (X (7)™ XJ = (X (2 7X0(®) = Z 2 =J (:L‘)Hj (.CU) A: root OfSU(k)

a<bs,s’'=1 AEA:
SU(K)n

[5?1()];2(71 parafermion CFT??? [U(1)]k1

If gapped, how can we read off non-Abelian quasiparticles???

parafermion fields

- Gapping



Non-Abelian spin-singlet state

Intrawire interaction is integrable for k=2, but no solution is known for general N & k.
Fateev (1991); Fateev & Zamolodchikov (1991)

Looking at neutral sector of a single wire:

uA =
Hneutral = Hsv (v /um)~-1 + Hsv k) /[U))E-1 +/d:c > T:A(x):AT(:r)

AEAT
y k—1 i
=1 dmZ[(@mYR“) + (0 YL“ /d;r Z Z uA cos(wsA - Y& —woA - YL)
p=1 s,8'=1 AeAf
k—1

:% d;rZ[(aw(i)“) + (0 @” /d.l?z Z ua cos(2w A - @) / Z Z uACOS[(wS—wa)A"i"l-(ws ‘l‘ws')A‘é ;

p=1 s=1 AcAf 575" AcA S



Non-Abelian spin-singlet state

Intrawire interaction is integrable for k=2, but no solution is known for general N & k.
Fateev (1991); Fateev & Zamolodchikov (1991)

Looking at neutral sector of a single wire:
k—1 N
Hucutral = %/dx;l[(am@“)%r(am@“)?] +/d;c2; D uacos(2w,A - O) +/d:r:§ > U,Acos[(ws _ws,)A-q>+(w8+wS,)A-@},
= s=1 acAf s7#s" AcAS

SU(N)g
[U(W)N-1

> (Z)V ™t symmetry breaking  [(Zx)N ™1 is symmetry of parafermion.]

--- Backscattering operator e'2%j0.a(®¥) creates excitations with charge 1/N.

-~ Neutral sector of e*?%i.ea(®) detects (Z,)"~' symmetry breaking.

- Order parameter field (twist field) Stat-mech model:
Bazhanov, Kashaev, Mangazeev, & Stroganov (1991);

' ian i i Kashaev, M , & Nakanishi (1991
Hamiltonian is self N-al sine-Gordon model. ashaev, Mangazeev, & Nakanishi (1391)

SU(N)k
[U(1)]N-1

SU(K)N
U(1)]k-1

— Property of parafermion criticality. <> : is gapped.



Non-Abelian spin-singlet state

k k
YN B (0)E; y(x) = £ 57 (x) . _ SU(N
S > Gapping SU(N) ~ [U(D]V~!x 23k
Nei%'(a’zf(w‘)—ﬁfﬂ(w))/\/glp?a (z )‘I’;ff (z) [U(l)]
N . - R ~R . ~ I ~ L U —
3 Y wwpetr K@= @) (@) =X ) = §7 %E?(m)EfT(aj)
a<bs,s’'=1 AeAf
. SUWMK)N . .
- Gapping T parafermion CFT (conjecture)
k V- SU(N)s
(j+1,R) o o [T~
Charge-1/N quasiparticles have twist field in 0" Gap RCE
[SU(N)ﬂk ia 7(1)]E—1
neutral sector. G0 _4_C::
Ofun—=Gap [0 2
. ° . SU(N | k ] 1
- Non-Abelian spin-singlet state o [_(,Lc:
SU (k)




General NASS

1) Construct k(N — 1)-layer Abelian state at v = k(V—1) .
N+k(N-1)m
(2 1 1 1 1
Ksu(w) 1 21 -~ 1 1
Ksuvy 11 2 1
K = . + mCp(n-1) Ksumny = | .
1 1 2 1
Rsua 11 12

2) Find appropriate interactions: transition from Abelian to non-Abelian.

{(N=1)k SU(N);

Interwire tunnelings between k copies . w_u;_C: Pt x e
J ; '
SU(N)g

u, 55 SU ke N
Oj‘ub - Ga'p ( )\

. N—1 U(1)](N- Dk U(1)]k—1
2 Gap In [U(l)] X [U(l)]N_l (+1.L) u—<:: |

L SU(N)i
;.00 —> Gap Ut 5 22

Intrawire interactions between k copies. (. R ﬂﬂ_c: o
SU(E)p

SU(k 0" —= Gap
- Gapin ()

(N—-1)k J

[U(Q1)] [U(1)]F1
[U(1)]*1 o ——_

FOE



General NASS

k(N—1 L : .
NASS atv = (V1) : Same statistics in neutral sector, but charge is modified.
N+k(N-1)m
K = G ;) m+2m+1l m m Ardonne-Schoutens:
. K- |mtlmt+2 m m ‘ —-- Fractional charge e/(4m + 3)
v = m m m+2m+l --- Unfractional spin +1
dm + 3 m m m+1 m+2
Ardonne & Schoutens (1999)
Kl = ( 2 1) m+2m-—1 m m Barkeshli-Wen:
g mImE2 om m ‘ --- Fractional chargee/(4dm + 1)
1 m m m+2 m-1 . .
V= --- Fractional spin +1/3
dm + 1 m m m—1 m-++2

Barkeshli & Wen (2012)

Ksu(s) = (_2 _1) or (_2 ! ) —> Counterflow of parafermion
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Application to lattice models



S U ( N ) Ch i ra I S pi N I iq u i d . 5=1/2\: Gorohovsk?/, I?ereira & Sela (2015)

Coupled SU(N) Heisenberg chains:

| 1
: :
N?-1 l SO AN
o a a N O N 'O N
HHG]S — J Tj ETJ /41 A AL \

il oa=1 j+1—9 »

NZ—1 i N
Hi = Z [Jl Z (Ta Ti 10+ Tﬁ€+1qu+1;€) . EO N
I \\

1

E a=1 3 ~ 1
J R N N T‘\ T‘T

+ J3 Z fabc Ta Tyb+1 ¢ P-|—1 +T& Tgb+1 — 1T;+1.£)] {—1 14 {4+ 1
a,b,c
v
— Long-range order (absent for N=2
Ho 4W(N+1)/de(J B R Jg g-rang ( )
j Tuning J3 & J' /

TS PRI - AP
—|—4NJ3GQ(Jj°jj_|_1—jj _|_1)}—|‘
—~ Chiral spin liquid

— CSL with SU(N)4 CFT with TRS breaking may be stabilized for large N.




Correlated hopping model

Hard-core bosons with correlated hopping:

He, Bhattacharjee, Moessner, Pollmann (2015);

=t Z Ja Ta; an _ 1 4 ¢ Z zAubT bg(2n - 1) + He. YF, He, Bhattacharjee, & Pollmann (2016)
(17;k) (kl;i)

Mutual (reverse) flux attachment = Halperin 221 stateat p = 1/6.



Summary & Outlook

Non-Abelian FQH states with SU(N); parafermions are built out of parent Abelian
FQH states with suitable interactions.

--- Analogue of 331 - Pfaffian, 113 = PH-Pfaffian

Relation with (Z;)N ™! stat-mech model and self-N-al sine-Gordon model.

YF & P. Lecheminant, Phys. Rev. B 95, 125130 (2017)

--- Relations with K matrix proposed for non-Abelian states? Ardonne, Bouwknegt, & Dawson (2003)
--- QH plateau transition or incompressible states from irrational/nontunitary CFT?

--- Realistic model for SU(N) chiral spin liquids?



